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Abstract Optical full-ﬁeld measurement methods are now widely applied in various domains.
In general, the displacement ﬁelds can be directly obtained from the measurement, however in
mechanical analysis strain ﬁelds are preferred. To extract strain ﬁelds from noisy displacement ﬁelds
is always a challenging topic. In this study, a ﬁnite element method for smoothing displacement
ﬁelds and calculating strain ﬁelds is proposed. An experimental test case on a holed aluminum
specimen under tension is applied to validate this method. The heterogeneous displacement ﬁelds
are measured by digital image correlation (DIC). By this proposed method, the result shows that the
measuring noise on experimental displacement ﬁelds can be successfully removed, and strain ﬁelds
can be reconstructed in the arbitrary area. c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1101104]
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Optical methods such as digital image corre-
lation, grating method, moire´ interferometry and
shearography,[1] have been widely applied in various do-
mains. In some cases these kind of methods are indis-
pensable, such as the inspection of ﬁssure propagation
and non-destructive testing on the surface. Especially
in the experimental mechanics community optical meth-
ods have become more and more popular due to the
special advantages of full-ﬁeld measurement.
Generally displacement ﬁelds are directly measured
by optical methods, however strain ﬁelds which directly
relate to the material mechanical properties are pre-
ferred. The gradients of displacement (strain ﬁelds) can
be calculated by a direct ﬁnite diﬀerence approximation,
which will amplify the noise and give a poor result in ex-
perimental cases. Many diﬀerentiation algorithms have
been developed to calculate strain ﬁelds from displace-
ment ﬁelds. However, calculating heterogeneous strain
ﬁelds from the noisy displacement data over arbitrary
geometry is always a challenging topic.
A solution is to ﬁt the noisy displacement ﬁeld by a
smoothed one and its two gradients over a rectangular
window by least square minimization. As a result, the
noise of the displacement ﬁeld could be eﬀectively re-
duced and the strains could be exacted.[2] However, the
high-frequency part of the displacement is also elimi-
nated and this is particularly harmful in the case of
high displacement gradient. Another global 2-D poly-
nomial ﬁtting technique is used by Pierron et al. .[3]
This method is applied to quite low gradient displace-
ment ﬁelds, however for high gradient ﬁelds it’s diﬃcult
to ﬁt the whole ﬁeld, therefore the piecewise interpola-
tion technique is suitable. The ﬁnite element method is
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thus obvious for this purpose.
A ﬁnite element technique for smoothing and dif-
ferentiating the experimental displacement ﬁelds is pro-
posed by Segalman et al. .[4] A smoothing parameter is
deﬁned in their study. This parameter can improve the
quality of calculated strain ﬁelds; however there is no
criterion to choose it. In the study by Avril et al. ,[5] two
diﬀerentiation techniques are compared: diﬀuse approx-
imation technique and ﬁnite element technique. The
diﬀuse approximation technique is shown to be more
robust than the ﬁnite element technique, but it takes
up more CPU time. For the ﬁnite element technique
presented in their study, a low-order 3-node triangular
ﬁnite element is used, thus the optimized mesh map
should be very dense. As an alternative, the higher-
order ﬁnite element can reconstruct heterogeneous dis-
placement ﬁeld of high gradients and obtain strain ﬁelds
with a lower number of ﬁnite elements.
In this study, a ﬁnite element method for smooth-
ing the noisy displacement ﬁelds and calculating the
strain ﬁelds is proposed. This method was applied to a
holed specimen under tension test. The heterogeneous
displacement ﬁelds can be calculated using DIC. The
triangular mesh is generated on the studied surface. A
high-order triangular ﬁnite element is used. The de-
gree of freedom (DOF) values of all nodes on the mesh
map can be extracted from the measured displacement
ﬁelds. The smoothing displacement values on all points
can then be interpolated. Using these DOF values and
the diﬀerential ﬁnite element function, the strain ﬁelds
of the studied zone can therefore be reconstructed.
To validate the above proposed smoothing and dif-
ferentiation technique, an experimental test on a holed
specimen under tension was studied. The dimensions of
specimen are shown in Fig. 1. The specimen was made
of aluminum with a thickness of 2mm . The hole was
slightly oﬀ the symmetric axis, so that the displace-
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Fig. 1. Dimensions of holed specimen (the zone around the
hole with speckle pattern is the studied area).
ment ﬁelds under tension were heterogeneous but not
symmetric.
The non-interferometric optical technique adapts to
the actual case for full-ﬁeld measurement. These tech-
niques, such as the grid method[6] and DIC,[7] have
been widely used in recent years. Due to the facility
of random speckle pattern preparation on the observed
surface, the displacement ﬁelds were measured by using
DIC in this study. The random speckle was prepared
by spraying black paint on the surface of the specimen.
Images of the area around the hole were recorded us-
ing an 8 bit COMS camera (DaHeng DH-DV 1303UM,
1.3 million pixels). The displacement ﬁelds were then
calculated by using the DIC program developed by the
corresponding author’s laboratory[8,9]. The real image
size was about 19.4μm/pixel, the correlation window
was of 33 × 33 pixels, and the step was 3 pixels. Fi-
nally the displacement ﬁelds of 254 × 234 points were
obtained.
By using this experimental data, the smoothing
and diﬀerentiation method was presented and demon-
strated. The higher-order ﬁnite element function can
reconstruct more complex shapes, therefore a triangu-
lar ﬁnite element with 3-node, 18 DOF values, was cho-
sen for this purpose. This kind of ﬁnite element has C1
continuity; in other words, the derivative is also contin-
uous on the element boundary. The reference element
is shown in Fig. 2(a). Each of the 3 nodes has 6 DOF
values: displacement, 2 ﬁrst-order partial derivatives,
and 3 second-order partial derivatives.
{Ui}ξ =
{
Ui Ui ,ξ Ui ,η Ui ,ξξ Ui ,ξη
Ui ,ηη
}T
for i = 1, 2, 3
(1)
where (ξ, η) is the local coordinate in the reference ele-
(a) Reference element (b) Real element
Fig. 2. Finite element type (3 nodes, 18 DOF)
ment. While for a real element (Fig. 2(b)) in the Carte-
sian coordinate system, the DOF values are
{Ui} =
{
Ui Ui ,x Ui ,y Ui ,xx Ui ,xy
Ui ,yy
}T
for i = 1, 2, 3
(2)
where (x, y) is the Cartesian coordinate. So the dis-
placement of any point (x, y) in the triangle can be
interpolated by
u (x, y) = u (ξ, η) =
3∑
i=1
{
Ni (ξ, η)
}
1×6
{Ui}ξ 6×1
(3)
The derivative DOF values in the reference values
are not the same values of those in the real element.
From the nodal DOF values {Ui}ξ in the reference ele-
ment to get those values {Ui} in the real element, the
Jaccobian matrix should be used for the derivative DOF
values. The transformation relationship is
{Ui}ξ = [Ti]6×6 {Ui}6×1 for i = 1, 2, 3 (4)
where [Ti] is the Jacobian matrix, which is deﬁned in
Ref. [10]. Thus we get
u (x, y) =
3∑
i=1
({
Ni (ξ, η)
}
1×6 [Ti]6×6 {Ui}6×1
)
(5)
Once the DOF values {Ui} are determined, the dis-
placement ﬁelds of this patch can be reconstructed. If
the whole surface is divided into many triangular sub-
domains, by solving the DOF values {Ui} of all nodes,
the displacement ﬁelds of the full surface can be recon-
structed. Gradients of the displacement (strain ﬁelds)
can also be interpolated by the diﬀerential interpolation
function and the solved DOF values.
The mesh map should be generated on the whole
surface. The gradients of the displacement ﬁelds are
not uniform, so a non uniform mesh map is preferred.
Due to this kind of high order polynomial ﬁnite ele-
ment, a high meshing density is not necessary. Finally
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84 nodes and 121 triangles are created. Fig. 3 shows
the triangular mesh map which was generated by the
DistMesh routine written by Persson et al. .[11] Around
the hole where the strain is concentrated the mesh den-
sity is higher.
(a) u ﬁeld
(b) v ﬁeld
Fig. 3. Experimental displacement ﬁelds with triangular
mesh map over the undeformed image. (a) u ﬁeld in X
direction; (b) v ﬁeld in Y direction
All the triangles should be assembled. From Eq. 5
the measured displacement value u (xk, yk) of k
th (for
k = 1, 2, · · ·N) point is expressed by
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u (x1, y1) =
n∑
i=1
{
Ni (ξ1, η1)
}
[Ti] {Ui}
u (x2, y2) =
n∑
i=1
{
Ni (ξ2, η2)
}
[Ti] {Ui}
...
u (xN , yN ) =
n∑
i=1
{
Ni (ξN , ηN )
}
[Ti] {Ui}
(6)
By assemblage of all the triangular elements, we get
the global expression of the displacement of all points
in matrix form,
{u}N×1 = [F ]N×6n {U}6n×1 (7)
where n is the number of the nodes, 6n is the number
of the DOF of all triangular elements, N is the number
of all the points on the surface, where N  6n. By
solving this hyper-determinant linear equation, we will
get the DOF values of all nodes
{U} =
(
[F ]
T
[F ]
)−1
[F ]
T {u} (8)
Once DOF values are solved, the smoothed displace-
ment values u¯(x, y) of every point are interpolated by
inputting the solved DOF values into Eq. (7). In the
same way, the displacement ﬁeld in the Y direction
v¯(x, y) is therefore calculated. Thus the smoothed dis-
placement ﬁelds are{ {u¯(x, y)} = [F ] {U}
{v¯(x, y)} = [F ] {V } (9)
The diﬀerence between the experimental displace-
ment ﬁeld and the smoothed one is considered as the
removed noise in this technique.{
Δ(u) = {u(x, y)} − {u¯(x, y)}
Δ(v) = {v(x, y)} − {v¯(x, y)} (10)
Fig. 4. Smoothed displacement ﬁelds and removed noises.
(a), (b) smoothed u and v ﬁelds; (c), (d) removed noises of
u and v ﬁelds.
Figure 4 shows the smoothed displacement ﬁelds
and the removed noises. Relative to the displacement
range, the noise level is low. The displacement ﬁelds
calculated by DIC are of good quality in this experi-
mental test. Obviously, the gradients of the displace-
ment are therefore calculated from the DOF values and
the derivative ﬁnite element function. Finally the three
strain components are expressed as
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
xx =
∂u
∂x
=
{
AI
} {U}
yy =
∂v
∂y
=
{
BI
} {V }
γxy =
∂u
∂y
+
∂v
∂x
=
{
AI
} {V }+ {BI} {U}
(11)
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where we have
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
{
AI
}
=
n∑
i
(
ji11
{
Ni,ξ
}
[Ti] + j
i
12
{
Ni,η
}
[Ti]
)
{
BI
}
=
n∑
i
(
ji21
{
Ni,ξ
}
[Ti] + j
i
22
{
Ni,η
}
[Ti]
)
(12)
where [ j ]2×2 is the inverse of Jacobian matrix.{
Ni,ξ
}
and
{
Ni,η
}
are the ﬁrst-order partial derivatives
of function
{
Ni
}
(i is the number of the node). The de-
tailed formulation can be found in Ref. [10].
Fig. 5. Calculated strain components by the proposed ﬁnite
element method
The calculated strains ﬁelds are shown in Fig. 5.
The strain values of all points are interpolated into the
triangular patches. Even though the gradient near the
hole is very high, the local values can still be calcu-
lated. It’s not always true that higher mesh density
could result in more accurate strain ﬁelds. By using
the synthetic data, the optimal mesh map is obtained
by minimization of the given noise.[5] Nevertheless, the
optimal mesh in an experimental case should be inves-
tigated in future work.
From the above study we show a ﬁnite element
method for 2-D ﬁelds smoothing and diﬀerentiation.
The major advantage of this method is its feasibility to
adapt to the arbitrary geometry of a studied area. From
Fig. 3 the displacement information on the boundary of-
ten could not be obtained using the DIC method. The
strain/stress around the hole is much higher, the crack
propagates from this area under over load than that of
the other area.[3] Generally it’s diﬃcult to extrapolate
the deformation ﬁeld on this boundary zone. By chang-
ing the mesh map on the boundary, the strains on the
whole surface could be reconstructed by our proposed
technique. It should also be emphasized that the strain
gradient around the hole is very high in this case, it’s dif-
ﬁcult to obtain good extrapolation strain values around
the hole. The ﬁnite element method combined with
the generalized cross-validation (GCV) method can im-
prove the diﬀerentiation results.[12] This extended study
will be performed in further work. Diﬀerent ﬁnite ele-
ment functions will be compared to obtain more eﬀec-
tive smoothing and diﬀerential results as well.
In this study, we present a ﬁnite element tech-
nique which can smooth noisy experimental displace-
ment ﬁelds and extract strain ﬁelds. This method shows
its feasibility in the arbitrary area and its robustness
against the noise of measurement. This technique is
suitable for surface reconstruction and also expected to
be a powerful tool for strain analysis in optical measure-
ment, especially in experimental mechanics domain.
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